Terminology and notation
Throughout this paper the letter G will denote a compact Hausdorff group unless otherwise is stated; by e we always denote the unity of G.
The basic ideas and facts of the theory of G-spaces or topological transformation groups can be found in Bredon [13] and in Palais [21] .
For the equivariant theory of retracts the reader can see, for instance, [2, 3, 9] . For the convenience of the reader we recall, however, some more special definitions and facts below.
By an action of G on a topological space X we mean a continuous map (g, x) → gx of the product G × X into X such that ex = x and (gh)x = g(hx), whenever x ∈ X , g, h ∈ G and e is the unity of G. A space X together with a fixed action of the group G is called a G-space.
If X and Y are G-spaces, then a continuous map f : X → Y is called a G-map or an equivariant map, if f (gx) = g f (x) for every x ∈ X and g ∈ G. For a point x ∈ X , the subgroup G x = {g ∈ G | gx = x} of G is called the stabilizer or isotropy subgroup at x. Clearly, G x ⊂ G f (x) whenever f is a G-map and x ∈ X .
If X is a G-space, then for a subgroup H ⊂ G, the H -orbit is defined as follows: H(x) = {hx | h ∈ H}. The H -orbit space is denoted by X/H . If H is a closed normal subgroup of G, then the H -orbit space X/H will always be regarded as a A compatible metric ρ on a G-space X is called invariant or G-invariant, if ρ(gx, g y) = ρ(x, y) for all g ∈ G and x, y ∈ X .
In the present paper we are especially interested in the class G-M of all metrizable G-spaces X . It is well known that each X ∈ G-M admits a G-invariant metric, and the orbit space X/G is metrizable. Indeed, if ρ is a G-invariant metric on X , then the formula ρ(G(x), G( y)) = inf{ρ(x , y ) | x ∈ G(x), y ∈ G( y)} defines a metric ρ, compatible with the quotient topology of X/G [21, Proposition 1.1.12].
A normed linear G-space is a G-space X such that X is a real normed linear space on which G acts by means of linear operators, i.e., g(λx + μy) = λ(gx) + μ(gy) for all g ∈ G, x, y ∈ X and λ, μ ∈ R.
By a Euclidean G-space we mean a normed linear G-space E such that, in addition, E is a Euclidean space and the action of G is orthogonal, i.e., gx = x for all g ∈ G and x ∈ E.
A metrizable G-space Y is called a G-equivariant absolute neighborhood retract for the class G-M (notation: Y ∈ G-ANR)
, provided that for any closed G-embedding Y → X in a metrizable G-space X , there exists a G-retraction r : U → Y , where U is an invariant neighborhood of Y in X . If, in addition, one can always take U = X , then we say that Y is a G-equivariant absolute retract for G-M (notation: Y ∈ G-AR).
A G-space Y is called a G-equivariant absolute neighborhood extensor for the class G-M (notation: Y ∈ G-ANE) if, for any closed invariant subset A of a metrizable G-space X and any G-map f : A → Y , there exist an invariant neighborhood U of A in X and a G-map ψ : U → Y that extends f . If, in addition, one can always take U = X , then we say that Y is a G-equivariant absolute extensor for G-M (notation: Y ∈ G-AE). The map ψ is called a G-extension of f .
We note (see [2] ) that a metrizable G-space is a G-ANR (respectively, a G-AR) if and only if it is a G-ANE (respectively, a G-AE).
The following notion plays a key role in passing from the compact Lie group actions to the compact non-Lie group actions: 
Definition 2.3. ([5])
A G-space X is called rich, if for any point x ∈ X and any neighborhood U of x, there exists a point y ∈ U such that G x ⊂ G y and G y is a large subgroup.
Finally, let us recall also the following well-known and important definition of a slice [21] : Definition 2.4. Let X be a G-space and H a closed subgroup of G. A subset S ⊂ X is called an H -slice in X , if:
The saturation G(S) is called a tubular set of type H , and H is called the slicing subgroup. If
We will call such a G-map f the slicing map.
For every H -slice S, the tubular set G(S) is G-homeomorphic to the twisted product G × H S (see [13, Theorem 4.2] (g, s) ∈ G × S. Identifying S (as an H -space) with the H -invariant subset {[e, s] | s ∈ S} of G × H S makes more explicit the situation of the H -slice S in its saturation G(S). In particular, if H = {e} is the trivial subgroup of G, then G × H S = G × S and the H -slice is just the section {e} × S in G × S. Thus, the notion of a slice is a far reaching generalization of the notion of a section. An interesting example of a global slice the reader can find in [6, Theorem 4] .
The classical Slice Theorem, which in its final form was proved in Mostow [20] , asserts that if G is a compact Lie group and x any point of a given G-space X , then there exists a G x -slice S ⊂ X that contains x. This result is no longer true if the acting group is not Lie. However, approximate version of the Slice Theorem remains true for arbitrary compact group actions (see [5] ), and we present in Proposition 4.6 a special case of it, which is the key tool in our proofs. It is easy to verify that C (G, L) becomes a normed linear G-space under the action of the group G defined by the formula:
Equivariant embeddings into the
It is well know that each normed linear space is an AR [14] , and every metrizable space admits a closed embedding into such a space [17, Chapter III, Theorem 2.1]. In the equivariant case closed equivariant embeddings into G-AR's also are of great importance. However, in this case one has to be careful because, if the acting compact group G is not a Lie group, then a normed linear G-space may not be a G-ANR (see [2, Theorem 6] ). Fortunately, many normed linear G-spaces of continuous maps still are G-AR's even for G arbitrary compact (see [1] and [2, Theorem 8] ). Perhaps, the G-spaces of the form C (G, L) provide the most simple examples. For completeness we give the details below. ( 
Proof. 1. Let X be a metrizable G-space, A a closed invariant subset of X , and f :
Consider the following diagram:
where j is the inclusion and p is the evaluation map at the unity of G, i.e., p(ϕ) = ϕ(e) for all ϕ ∈ C (G, L). By the Dugundji Extension Theorem [14] , there exists a continuous extension F : X → L of the map p f . Now define the map F :
To prove continuity of F , take a point x 0 ∈ X and ε > 0. Using compactness of G, one can find a neighborhood U of x 0 in X such that for all x ∈ U and g ∈ G, Then, for every x ∈ U , we have:
Let g, h ∈ G and x ∈ X . Then,
If a ∈ A and g ∈ G, then
By the well-known Arens-Eells theorem [12] , there exists a normed linear space L that contains an isometric copy of (X, d) as a closed subset. So, we will assume that X is a closed subset of L.
Now the required G-embedding i is defined by putting
we see that i is an isometry, and hence, a topological embedding.
showing the equivariance of i. 2
Richness of the G -space C (G, L)
In this section we give a very simple proof of the fact that C (G, L) is a rich G-space (see Definition 2.3). This result is then applied in the next section to prove the existence of arbitrary fine rich G-normal covers. We begin with the following
Lemma 4.1. Let H be a closed subgroup of G such that the quotient space G/H is metrizable by a metric d. Then for any
According to a classical theorem of Pontryagin [22, §46] , each compact Hausdorff group G can be represented as the limit of an inverse system of compact Lie groups.
In this inverse system a prelimit group G α can be found such that the images of compact sets H and G \ U under the limit projection p α : G → G α do not intersect in G α (otherwise the sets H and G \ U ought to intersect in the limit G, which contradicts the hypothesis of the lemma). Denote by N the kernel of the homomorphism p α . It remains to observe that the
Since the quotient space
Define the function ξ ∈ C (G, R) by the following rule:
It is easily seen that G ξ = H . Hence, we have the following well-defined continuous function:
Since G(ξ ) is a closed subset of C (G, R), by the Dugundji Extension Theorem [14] , there exists a continuous extension
By uniform continuity of F on the compact set G(ξ ), there exists a δ > 0 such that
Now, by Lemma 4.1, there exists a large subgroup K ⊂ G such that H ⊂ K , and
Define the function η ∈ C (G, R) by the following rule:
Let us check that K ⊂ G η . Indeed, if t ∈ K , then for any g ∈ G, one has:
(Here we used the invariance of the metric d.) Hence, tη = η, as required.
Next, using (4.2), we get:
For every g ∈ G, one has gη − gξ = η − ξ < δ. Hence, (4.1) yields
We claim that the map ϕ : G → L defined by the formula
is the desired one. Indeed, since
Corollary 4.3. ([5]) Any G-ANR is a rich G-space.
Proof. Let X be a G-ANR. By Theorem 3.1, X can be regarded as a closed invariant subset of a Proof. Assume the contrary. Then for some point x ∈ X , there exists a neighborhood U of x, and nets {y α } ⊂ X and {g α } ⊂ G such that {y α } converges to x, g α y α = y α and g α x ∈ X \ U . Since G is compact, passing if necessary to a subnet, it can be assumed that {g α } converges to a g ∈ G.
The following lemma is well known but we cannot give an appropriate reference; so we provide a proof. Proof. We first select, in accordance with Lemma 4.4, a neighborhood R ⊂ U of the point x such that gx ∈ U for all g ∈ G z and z ∈ R. Next, by Corollary 4.3, there exists a point y ∈ R such that G x ⊂ G y and G y is a large subgroup. Set H = G y . Then the H -orbit H(x) is contained in U (since y ∈ R and H = G y ). Consequently, the set {y} ∪ H{x} is an H -invariant subset of U . Choose an H -invariant neighborhood T of the set {y} ∪ H{x} such that T ⊂ U . We now define an equivariant map
. In this case we set
Since G x ⊂ G y = H , in both cases f is a well-defined G-map.
Since
We claim that the set S = T ∩ F −1 (eH) is the desired H -slice. Indeed, evidently x, y ∈ S ⊂ U . Since T and
that S is closed in G(S). Finally, the openness of G(S) follows immediately from Lemma 4.5, if we observe previously that
Approximation of C (G, L) by a G -join
In what follows for a given space X we will denote by Cone( X) the cone over X which is, by definition, the quotient set If X is a compact G-space, then Cone( X) becomes a G-space with respect to the action defined as follows: 
Clearly, J (B) is an invariant subset of μ∈M Cone(G/H μ ) and, endowed with the subspace topology, it is equivariantly homeomorphic to the finite join
in the sense of Milnor [18] . J (B) is a finite-dimensional, compact, metrizable G-space, called a finite G-join.
Next, we define
We shall consider the weak topology on J determined by its cover {J ( We equip J with the action induced from μ∈M Cone(G/H μ ), i.e.,
Then J becomes a G-space and each J (B) is a closed invariant subset of J .
Finally, let us pass to the general definition of a G-join over a polyhedron.
Let L be a full polyhedron with M as the set of its vertices (i.e., every finite collection of vertices constitute a simplex in L). Let π : J → L be the natural projection, i.e., π assigns to each point t μ g μ H μ ∈ J the point {t μ } ∈ L. Clearly, this map is continuous and invariant. Typically, G-joins arise from the so-called G-normal covers. We recall some relevant notions.
with the induced topology is called a G-join of the family {G/H
μ | μ ∈ M} over the polyhedron K. Each G/H μ contained in J (K) is called a G-vertex of J (K).
It is easy to check that the induced topology of J (K) is just the weak topology defined by its closed cover {J (σ )},
Let X be a G-space and S μ an H μ -slice with a large slicing subgroup H μ , μ ∈ M. The family is well defined; we will call it the G-join over the G-normal cover U and will denote it by J (U ). 
Lemma 5.1. Let Y be any G-space and U
= {g S μ | g ∈ G, μ ∈ M} a
G-normal cover of Y . Then for each invariant locally finite partition of unity subordinated to the invariant cover
We claim that the map p : Y → J (U ) is continuous. For, let y 0 ∈ Y be any point. Using local finiteness of the partition of unity {ϕ μ | μ ∈ M}, we choose a neighborhood V of y 0 in Y , for which there exist a finite number of indices, say μ 0 , . . . , μ m , such that ϕ μ (y) = 0 for all μ / ∈ {μ 0 , . . . , μ m } and y ∈ V . Then we have:
Thus, p maps the neighborhood V into the finite subjoin G/H μ 0 * · · · * G/H μ n of J (U ). Now continuity of p in V follows easily from continuity of the map f μ i in G(S μ i ) and the function ϕ μ i in V , for all i = 0, . . . ,m. Equivariance of p is immediate from the one of the maps f μ in G(S μ ) and from the invariance of the functions ϕ μ .
Recall that a cover U of a space X is called a star-refinement of a cover V, whenever for every U ∈ U , there exists an element V ∈ V that contains the star St(U , U ) of U with respect to U ; here St(U , U ) = {W ∈ U | W ∩ U = ∅}.
Lemma 5.2. Let X be a G-ANR. Then for each open cover V of X , there exists a rich G-normal cover
Proof. Since X is paracompact, one can choose two open covers of X , U 1 and U 2 such that U 1 is a star-refinement of U 2 , and U 2 is a star-refinement of V (see [16, Theorem 5.1.12] ).
Let us denote by U the subset of X × X consisting of all those pairs (x, y) such that there exists an element O ∈ U 1 that contains both x and y. Clearly, U is an open neighborhood of the diagonal
is contained in an element of U 2 , we infer that W is a refinement of U 2 , and hence, a star-refinement of V. Next, we fix a point on each orbit G(x) ⊂ X , say x ∈ G(x), and choose an element W x ∈ W such that x ∈ W x . By Proposition 4.6, there exist a point y(x) ∈ W x with a large stabilizer G y(x) , and a G y(x) -slice S x that contains both points x and y(x). Now we define U = {g
Since the orbit map X → X/G is closed, X/G is paracompact [15, Section XI, Theorem 5.2] (in fact X/G is metrizable). This implies that the open invariant cover {G(S x )} admits a locally finite partition of unity subordinated to {G(S x )}. Since G y(x) is a large subgroup and S x is a G y(x) -slice, we infer that U is a rich G-normal cover. Since g S x ⊂ gW x and gW x ∈ W, we conclude that U is a refinement of W, and since W is a star-refinement of V, we infer that U is a star-refinement of V. 2
Recall that if X is a space and α an open cover of X , then two continuous maps f , ϕ :
The following theorem about arbitrary close approximation of C (G, L) by a G-join is the main result of this section: by Lemma 5.2, there is a rich G-normal cover U = {g S λ | g ∈ G, λ ∈ Λ} that is a star-refinement of C (recall that each S λ is an H λ -slice with a large slicing subgroup H λ ). Fix an invariant locally finite partition of unity {ϕ λ } λ∈Λ subordinated to the invariant cover U = {G(S λ ) | λ ∈ Λ}. Let p : X → J (U ) be the G-map corresponding to this partition of unity (see Lemma 5.1).
For every g S λ ∈ U , we choose elements C (g, λ) ∈ C and V (g, λ) ∈ α such that λ) .
Now we define the map ψ :
Next we extend ψ to the whole J (U ) "by linearity". Namely, if y is a point of J (U ), then it has the form y = n i=0 t i g i H λ i , where g i ∈ G, t i > 0, n i=0 t i = 1, and g 0 S λ 0 ∩ · · · ∩ g n S λ n = ∅. Then we set: (5.2) where x i = x λ i ∈ S λ i are the above selected points with the stabilizers
Thus, ψ : J (U ) → X is a well-defined map. From the definition it is immediate that ψ is continuous on each finite G-join of J (U ). Since J (U ) is endowed with the weak topology determined by the family of its finite G-joins, we conclude that ψ : J (U ) → X is continuous. The equivariance of ψ is evident.
We claim that ψ it is the required G-map. 
Now, due to (5.1), we get: First we shall prove a particular case of this theorem when K is just a simplex, i.e., J (K) is a finite G-join. One has:
The proof is complete. 2
Orbit spaces of C (G, L)
If X and Y are two G-spaces, then a homotopy
, is said to be limited by γ , or simply, a γ -Ghomotopy provided for any x ∈ X , there exists Γ ∈ γ such that F t (x) ∈ Γ for all t ∈ [0, 1]. In such a case F 0 and F 1 are called equivariantly γ -homotopic G-maps or γ -G-homotopic G-maps.
We shall say that a G-space X is equivariantly γ -dominated by a G-space Y if there exist G-maps f : X → Y and ϕ : Y → X such that ϕ f is equivariantly γ -homotopic to the identity map 1 X of X . 
. ([3]) A metrizable G-space X is a G-ANR if and only if for any open cover α of X , there exists a G-ANE that equivariantly α-dominates X .
In this section we shall prove the following X is a closed invariant subset of a G-space C (G, L) , where L is a normed linear space. Since X is a G-ANR, there is a G-retraction r : U → X , where U is an invariant neighborhood of X in C (G, 
